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Abstract 
In this paper we will focus mainly on modeling the dynamics of transmission of this 

virus(COVID-19) mathematically, where the classic (SIR) model as a non-linear 

mathematical system was used to build a mathematical model and used it with the 

Runge-Kutta four order (RK4) method for solving ordinary differential equations 

and calculating the numerical values of the disease. And comparing it with the actual 

real values of a particular population from the countries of the world, as well as to 

know the behavior of this disease in terms of stability by using many specialized 

mathematical methods for this purpose (the characteristic roots equation, Routh-

Hurwitz criteria and Lyapunov function) and it was found that it is unstable, The 

binary test (0-1) was also used to test messy disease behavior and it was shown to be 

messy (K≅ 1). Also we used the Poincare-hopf theorem to see the hopf bifurcation 

in it.  The Matlab system was used to written the programs for practical application 

to build the model, and we took the real data for (Iraq) through the daily statistics of 

the number of infected with the disease in Iraq, and the comparison between the real 

data and the simulated data of the system were well compatible  with a degree of 

convergence through the results, shapes and drawings that appeared to us during the 

application. 
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1. Introduction 

Mathematical modeling has emerged as a vital tool to clarify the dynamics of many 
infectious diseases, the most important of which is (COVID-19). It is necessary to 
propose model for the infectious disease as a nonlinear dynamical system while 
studying its properties. Often the data needed to construct a dynamic model is 
available through biological considerations and time-series data for disease states 
to fit with the test model [1]. The qualitative behavior of systems of ordinary 
differential equations describing differential solutions has been for a long time 
studied, which is an important issue. One of the models that can be used to explain 
the characteristics of epidemic diseases is the SIR model, which is a classic 
mathematical basic model that was established by (Kermack and Mckendrick) in 
1927 and has been designed on a large scale. Expansions and extensions of this 
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model have been used recently to study most prevalent and endemic biological 
diseases [2-4]. 

In this paper, the equations of the SIR model are used. As a non-linear system 
linked to a time series and merged it with the Runge-Kutta numerical method of 
the fourth rank to create a mathematical system to simulate the hypothetical 
results of the epidemic disease that occupied the world (COVID-19) and compare it 
with the daily real data given according to the statistics of the world countries, and 
we have taken the real data of Iraq from among the countries for use in the 
application [5]. The degree of stability of the disease was also tested in several 
ways, including (the characteristic roots equation, Routh-Hurwitz criteria and 
Lyapunov function) all of which led that the disease is unstable  [6-9], as well as 
the chaos was tested for the disease through the Binary test (0-1), and the result 
was  the behavior of disease is a chaotic  [10-15].  Poincare-hopf theorem has been 

applied to find the hopf-bifurcation of the system and with the result it haven’t a hopf-

bifurcation because its eigenvalues are real and not complex [16]. The Matlab program 
was used to write the programs required for the above-mentioned processes to 
identify during a time series on the behavior and developments of this disease, and 
we obtained the results, graphs and figures that prove the results of the solution 
for the theoretical side to study this disease. 

This paper includes the use of the SIR model with finding its parameters to study 
the epidemiological situation of the disease and the use of the fourth-order Runge-
Kutta numerical method with the model to generate simulation data that is used to 
test the chaotic disease behavior, as well as examining its stability status, and the 
Hopf bifurcation of the disease was also addressed. With the use of the Matlab 
system to write the necessary programs in the solution and obtain drawings that 
show the results of the solution. 

2. SIR Model 

The SIR model is a classic mathematical model devoted to studying the behavior of 
epidemic diseases, in which the theoretical number of people with an infectious 
disease in a closed population is calculated over a period of time, and it is one of 
the simplest biological models developed by ( Kermack-Mckendrick ) in (1927). 
The model contains three ordinary nonlinear time-related differential equations as 
follows: 

3. Descrıptıon of the SIR Model 

Ṡ = 
dS

dt
 = − βSI  

İ = 
dI

dt
 = βSI − γI         where  β  ,γ  are parameters 

Ṙ =
𝑑𝑅

𝑑𝑡
 =  γI 

  

s R I 
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The proposed new model for SIR is as follows : 

Ṡ = 
dS

dt
 = − (0.0845) × S×I  

İ = 
dI

dt
 = (0.0845)×S×I – (0.07) ×I   …………………………………………(1) 

Ṙ =
𝑑𝑅

𝑑𝑡
 =   (0.07) ×I 

N = S+I+R  ,   Ṡ+İ+Ṙ  = 0 

Where: 

 N: the total population of the community 

S (t): the number of individuals exposed to infection during the time (t) 

I (t): the number of individuals affected during the time (t) 

R (t): the number of individuals recovering from disease during the time (t) 

β : is a transmission rate  

γ : is recovered rate  

where :  β = μ + γ ,  γ = 1/ D  , μ : is mortality rate in day , D : is duration of disease 
time . 

The time series of real data of  SIR model of COVID-19 for Iraq shown in figure 
1(A). 

4.  Basic Reproduction Number (𝑹𝟎)  

Definition:  the basic reproduction number  is represent to the average number of 
new infections generated by each infected person , and it is symbolized by (R0) , 
The high value of (𝑅0) mean easy to transmission the disease ,and the low value of 
(𝑅0) mean difficult to transmission the disease . (𝑅0) is called too threshold of 
disease, ( the value of (𝑅0) assumes that no pre-existing immunity,  i.e  it mean 
everyone is susceptible) , where Ro = β / γ . 

LEMMA:  if 𝑅0 > 1 then I(t) is increases and the disease is epidemic, and if 𝑅0 < 1 
then I(t) is decreases  and the disease is endemic , It is assumed in the absence of a 
vaccine, the entire population will be susceptible to infection, meaning that S ≅ N, 
so we divide β by N                   

Proof :  from the SIR model we have : 

-  dI/dt =  
𝛽

𝑁
  SI− γI              dI/dt = (β – γ)I         dI/I =(β – γ) dt 

by integral of two hand sides : ln I = ( βI – γI) + C  

 

I(t) = e βT(t)− γI(t) . 𝑒𝐶    ,,  when t = 0            I(0) = 𝑒𝐶             then I(t) = e βT(t)− γI(t). I(0)  
> 0  when dI/dt > 0  then βI− γI  > 0 

                     βI > γI            β / γ > 1            𝑅0 > 1   

 

are constant parameters of the model 
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Table 1. Shown ( R0) for some countries of the world from ( 1/9/2020 – 1/3/2021) 

Country Mortality β = μ + γ R0 
Iraq 1.45% 0.0845 1.207 

K.S.A. 1.66% 0.0866 1.237 
Jordan 1.26% 0.0826 1.18 
Syria 7.15% 0.1415 2.021 

Turkey 0.85% 0.0785 1.1215 
Iran 2.85% 0.0983 1.405 

Kuwait 0.59% 0.0759 1.085 
Egypt 5.87% 0.1287 1.839 
India 2.10% 0.0910 1.3 

UK 2.88% 0.0988 1.412 
Italy 3% 0.1 1.429 

German 2.41% 0.0941 1.345 
U.S.A. 1.78% 0.0878 1.255 

5. Runge-Kutta Method with 4th Order 

The 4th order Runge-Kutta numerical method is one of the classic numerical  
methods used to solve the ordinary differential equations of nonlinear and time-
related continuous dynamic systems with a number of  iterations to obtain the best 
approximate value. 

6. Description Method 

yn+1 =  yn+ h *(k1+2k2+2k3+k4) / 6           where :   Δt = h = 𝑡𝑛+1─  𝑡𝑛      and : 

k1= f ( tn, yn ) 

k2= f (tn + 
ℎ

2
 , yn+h* 

𝑘1

2
 ) 

k3=f (tn+ 
ℎ

2
 , yn+h*

𝑘2

2
) 

k4=f (tn+h, yn+h*k3) 

From system (1) we have :  dS/dt = f1  ,  dI/dt = f2  , dR/dt = f3  ( So , Io , Ro ) initial 
condition , to =1  

K1 = h* f1(to , So , Io , Ro) 

L1 = h* f2(to , So , Io , Ro) 

M1= h* f3(to , So , Io , Ro) 

K2 = h* f1(to + h/2 , So + K1/2 , Io + L1/2  , Ro + M1/2 ) 

L2 = h* f2 (to + h/2 , So + K1/2 , Io + L1/2  , Ro + M1/2 ) 

M2 = h* f3(to + h/2 , So + K1/2 , Io + L1/2  , Ro + M1/2 ) 

K3 = h* f1(to + h/2 , So + K2/2 , Io + L2/2  , Ro + M2/2 )  

L3 = h* f2(to + h/2 , So + K2/2 , Io + L2/2  , Ro + M2/2 ) 

M3= h* f3(to + h/2 , So + K2/2 , Io + L2/2  , Ro + M2/2 ) 

K4 = h* f1(to +h,  So + K3 , Io + L3  , Ro + M3 )   
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L4 = h* f2(to +h,  So + K3 , Io + L3  , Ro + M3 )   

M4 = h* f3(to +h,  So + K3 , Io + L3  , Ro + M3 ) 

S1= So + h/6 × ( K1 + 2K2 + 2K3 + K4 )                     

I1= Io  + h/6 × ( L1 + 2L2 + 2L3 + L4 )                                       

 R1= Ro + h/6 × ( M1+ 2M2 + 2M3 + M4 )    

The process is repeated with (n) iterations by using Matlab program . The time 
series of simulated data by Runge-Kutta of COVID-19 for Iraq shown in figure 1(B). 
From figure1(A) and (B) we notice that compatible and with a degree of closeness . 

7. System Analysis 

7.1. Stability of New SIR Model 

There are several methods for checking the stability of the SIR model for epidemic 
diseases, including : 

8. Characteristic Equation Roots 

Jacobi Matrix of the System : 

 

 

J =                          =          =                                       =                        ==== 

 

 

 

𝜆3 + 𝛽𝐼𝜆2 ─ 𝛽𝑆𝜆2  + 𝛾𝜆2 +  𝛽𝐼𝛾𝜆 = 0      …………………………………………………..…… ( 2 ) 

𝜆( 𝜆2 + (𝛽𝐼 ─ 𝛽𝑆 + 𝛾)𝜆 +  𝛽𝐼𝛾) = 0  

Where :  S = 3×106 ,  I = 3500  are initial values ,,  and  β = 0.0845   ,  γ = 0.07 are 
parameters     

𝜆1 = 0  ,   𝜆2 = 0.0001  (+ ve)                                                                                                                               
𝜆3 = 253204.1799  (+ ve)                     

 

9. Stability Criteria for Routh – Hurwitz 

9.1. Stability Criteria Routh 

The ROUTH table was created by the English mathematician “Edward Routh” in 
(1876). 

  

∂Ṡ

𝜕𝑆
      

∂Ṡ

𝜕𝐼
      

∂Ṡ

𝜕𝑅
 

∂Ῑ

𝜕𝑆
      

∂Ῑ

𝜕𝐼
      

∂Ῑ

𝜕𝑅
 

∂Ṙ

𝜕𝑆
      

∂Ṙ

𝜕𝐼
     

∂Ṙ

𝜕𝑅
 

 

 

 

-βI     -βS     0 

βI    (βS-γ)   0 

0        γ         0 

─ ( βS +λ )       ─βS       0   

βI            ( βS –γ ─ λ)    0 

0                        γ           0 

 

|J ─ λI |  

======

== 

Since the values of 𝜆 are positive, the  system is unstable                                                            



18                     Aziz, M. M. & Mahmood, A. S. (2022). Building a Mathematical Model for the 
Epidemic Diseases COVID-19 and Analyzing Its Dynamical Behavior 

  Schedule general layout  ROUTH 

Sn       an     an-2    an-4 ………... 

Sn-1    an-1       an-3    an-5 ………. 

Sn-2     b1      b2       b3  ……….... 

Sn-3     c1       c2       c3  ………… 

:          d1       d2      d3   ………... 

S0       ….    ….   …..    …  ………    

 

Where :  bi = 
𝒂𝒏−𝟏∗𝒂𝒏−𝟐𝒊 ─ 𝒂𝒏∗𝒂𝒏−(𝟐𝒊+𝟏)

𝒂𝒏−𝟏
   ,    ci = 

𝒃𝟏∗𝒂𝒏−(𝟐𝒊+𝟏)─ 𝒂𝒏−𝟏∗𝒃𝒊+𝟏

𝒃𝟏
                                 

If there are tag variable elements in the first row in the ROUTH table, the system 
will be unstable. 

Using the characteristic equation (2) 

     )𝜆3 + (𝛽𝐼 ─ 𝛽𝑆 + 𝛾)𝜆2 +  𝛽𝐼𝛾𝜆 = 0 

Where  ao = 0 ,    a1= βIγ   , a2 = (βI─βS+γ)  ,  a3=1   

b1 = 
𝑎2∗𝑎1−𝑎3∗𝑎𝑜

𝑎2
 =   a1 ─ 

𝑎3∗𝑎𝑜

𝑎2
  =  βIγ ─ 

1∗0

𝛽𝐼─𝛽𝑆+𝛾
  =  βIγ > 0  

b2 = 
𝑎1∗𝑎4 –𝑎5∗𝑎𝑜

𝑎1
 =  

0−0 

𝛽𝐼𝛾
 = 0   ,  c1 =  

𝑏1∗𝑎𝑜 ─ 𝑎2∗𝑏2

𝑏1
  = 0 

 

𝑆3   a3   a1   0    0                      𝑆3               1            24.5×10−4       0              

𝑆2   a2   ao   0    0                      𝑆2     ─ 253204              0                0         

𝑆1   b1   b2   0                            𝑆1         20.70                  0                0 

𝑆0   c1   c2    0                            𝑆0              0                      0                0 

 

Since there is a negative component in the first column of the Routh table and 
other positive elements the system is unstable. 

10. Hurwitz Stability Criteria 

The Hurwitz Matrix :   And created by the German mathematician  Adolf Hurwitz in 
1895. 
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 20.70         1        

0         -253204.18      

 

 

 

H=                                                                                             

 

               And created by the German mathematician 

               Adolf Hurwitz in 1895 

 

 

 

 

 

 

 

a0 = 0 ,  a1 = 20.70  , a2 = − 253204.1799 ,  a3  = 1      

That the real polynomial (P) is: 

 

Δ1(p) =  |a1|  =  > 0 ,     Δ2(p) =                    =    > 0 ,   Δ3(p) =                      =       =    > 0 

 

Δk (p): called Hurwitz determinants 

Note: For the system to be stable, all Hurwitz specifiers must be positive. Through 
the characteristic of equation (2): 

Δ 1 (p) =|a1| =  | 20.70 |   =  20.70  > 0  (+ ve) 

 

H(P) =              Δ2(p)   =          =                         =                                         

 

= −5241326.5 < 0 (− ve) 

 

Δ3(p) =     =                                 

 

   

        = 20.7×253204.18×1  =  ─ 5241326.5 < 0   (Negative) ,   so the system is unstable. 

11. Lyapunov Function 

V( S , I , R ) = 
1

2
 ( 𝑆2 + 𝐼2 +  𝑅2 )  

𝑑𝑣

𝑑𝑡
 = �̇�( S(t) , I(t) , R(t) ) = SṠ + Iİ + RṘ 

a1        a3       a5     …. 0          0             0 

a0        a2       a4     …. 0           :               : 

0          a1       a3     …. 0           :              : 

0          a0       a2     …. 0           0             : 

:           0       a1    …. an                  : 

 :           :       a0    …. an-1         0              : 

:            :  

 :           :         0    …. an-2          an 

 :           :               …. an-3        an-1               : 

0        0           0    …. an-4         an-2             an 

a1     a3 

a0     a2 

a1     a3     a5 

a0     a2     a4         

0       a1     a3 

20.70
 
       1           0                  

0          -253204  
 
  0 

0            20.7         1                    

a1    a3 

a0    a2   

a1      a3      a5     

a0      a2      a4  

0        a1      a3 

20.70
 
       1           0                  

0          -253204  
 
  0 

0            20.7         1                    
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 �̇� = S×(─𝛽𝐼𝛾) + I×( βSI ─ 𝛾𝐼 ) +R×( γI )  

By initial values and parameters we obtain on :  

V ̇  =       > 0 ( positive)          Then the system is unstable .  

12. Binary (0-1) Test of Chaos 

The scales that can be observed are: 

qn = ∑ 𝜙(𝑘) 𝑠𝑖𝑛(𝑘𝑐)𝑛
𝑘=1     ,,   Pn = ∑ 𝜙(𝑘) 𝑐𝑜𝑠(𝑘𝑐)𝑛

𝑘=1     

  where :  c ∈ (0, 𝜋)  ,  n = 1,2,3, ……, L  (  from the behavior of (Pn  &  qn) the mean 
square of the displacement can be calculated  (MSD) = M(n) 

M(n) = lim𝐿→∞(
1

𝐿
) ∑ [( 𝑃(𝑘 + 𝑛) −  𝑃(𝑘))2𝐿

𝑘=1 + (𝑞𝑛(𝑘 + 𝑛) −  𝑞𝑛(𝑘))2 ]  

Where  : n = 1,2,…. L/10        

 Vosc (n) = [ E(𝞍)]2 × 
1−𝑐𝑜𝑠 (𝑛𝑐)

1−𝑐𝑜𝑠 (𝑐)
   ,,      E(𝞍) = lim𝐿→∞ ( 

1

𝐿
 )        Where   :     ∑  𝜙(𝑘)𝑛

𝑘=1    

 So :  D(n) = M(n) ─ Vosc (n)  

K corr = Kc = lim𝑛→∞
𝑙𝑜𝑔 𝑀𝑐(𝑛)

𝑙𝑜𝑔 (𝑛)
     

Kc cases : If the value of  Kc ≅ 0 then indicates that the dynamic system is regular 
(not chaotic) and its movement is a turos (annular  movement) . 

And  if the value of  Kc ≅ 1 then indicates that the dynamic system is a chaotic nad 
it is moving as Brownian  motion .By using program written in Mat lab system we 
get on  Kc = 0.912 ≅ 1, in this case the behavior of the dynamic disease in (Iraq ) is 
chaotic . 

13. HOPF Bifurcation 

By PoinCare Andronov HOPF theorem we have : 

The disease is epidemic and R0 >1 ,then it has one equilibrium point : 

Eq.(S*,I*,R*) = (N,0,0) 

⸪ N = S + I + R              N = S + 0 + 0                 ∴ N = S 

 

 

J= =                                                ∴ Jp(N,0,0)  =                                 , eigenvalue :- 

|J- λ i| = 0 

 

 

  

  

∂Ṡ

𝜕𝑆
      

∂Ṡ

𝜕𝐼
      

∂Ṡ

𝜕𝑅
 

∂Ῑ

𝜕𝑆
      

∂Ῑ

𝜕𝐼
      

∂Ῑ

𝜕𝑅
 

∂Ṙ

𝜕𝑆
      

∂Ṙ

𝜕𝐼
     

∂Ṙ

𝜕𝑅
 

 

 

 

-βI     -βS     0 

βI    (βS-γ)   0 

0        γ         0 

0    -βN       0 

0   (βN-γ)    0 

0        γ         0 
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                                       = 0                              λ
3
− βn λ

2 
+ γ λ

2 
= 0               λ

2 
(λ –(βn – γ)

 
) = 0 

 

either : λ2 = 0   

 or :  λ – (β n – γ) =0             

By initial values and values of parameters we get on :              λ3 =  253499.93  > 0     
(+ve value) 

 By applying the (Poin-Care Andronov Hopf) theorem  to the dynamic system, we 
found  the  SIR system of disease does not have a Hopf bifurcation because its 
eigenvalues are real values and not complex and that the system has only a limit 
cycle . 

14. Graphical Analysis 

 

 

 
  
 
 

 

 

 

 

 

 

 

 

  

-λ    -βN         0 

0   (βN-γ-λ)   0 

0        γ         -λ 

λ1 = λ2= 0 

λ3 = βN − γ 

Figure1 (B) .show real data of  SIR model 

susceptible, infected and recovered of disease in  

Iraq 

Figure 1(A). show  simulated data of SIR model 

susceptible, infected and recovered of disease in 

Iraq  

 

 

Figure 1 

 

 

 

Time Time 



22                     Aziz, M. M. & Mahmood, A. S. (2022). Building a Mathematical Model for the 
Epidemic Diseases COVID-19 and Analyzing Its Dynamical Behavior 

Figure2(A). show a chaotic of simulated data of Iraq (a): log(M) versus log(t) , (b): M 
versus t , (c): ( k)  versus (c) ,  (d) : (p) versus (q) 

 

 

Figure2(B).  show a chaotic of simulated data of Iraq  (a): log(M) versus log(t) , (b): (M) 
versus( t) , (c): ( k)  versus (c) ,  (d) : (p) versus (q) 

 

 

  

(a) (b) 

(c) (d) 

(a) 

(d) (c) 

(b) 
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Limit Cycle 

 

 

 

 

 

 

 

 

Figure4.Shown limit cycle of the SIR system 

 

 

 

 

 

 

 

 

 

 

15. Conclusion 

In this paper, the SIR model was built and the Runge-Kutta numerical method was 
determined from the fourth order, and we transformed the method with the new 
proposed model and used this transformation to solve non-linear problems related 
to the time series in which time is a main factor to determine its behavior and 
nature and obtain simulation datd after giving initial values for the disease ( 
COVID-19 ) . We have proved in Lemma that dI / dt > 0, and from this it was 
proved that Ro =  β/γ > 1, which means that the disease (covid-19) is epidemic and 
prevalent. So from the real data that we got through the daily statistics for (covid-
19) in (Iraq)  and the simulation data (virtual) resulting from the conversion 
application. The real and simulated data we are tested in terms of stability in 
several mathematical methods, including ( the characteristic roots equation, the 
Routh-Hurwitz criteria, and the Lyapunov function) and it appeared that to be 
unstable. The binary test (1-0) was also used to diagnose the chaotion and the 
behavior of disease was found to be chaotic, as the Kcorr value was close to one, (K 

 
 

I I 

t t 

Figure3 (a) : series time with Infected of real 

data of Iraq 

Figure3 (b) : series time with Infected of 

simulated data of Iraq 

P = λ1 = λ2 = 0 
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corr = 0.912), the Hopf-Bifurcation was studied for the dynamic system of the 
disease and it was found that it does not have a Hopf-Bifurcation because its 
eigenvalues are real and not complex. the programs written in Matlab were used in 
all the above mentioned processes to obtain the results, numbers and drawings 
that illustrate The behavior and dynamics of the disease in Iraq and the strong 
effect on the population during the time period (240 days). 
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